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ABSTRACT
Using N -body simulations we study the phenomenon of radial orbit instability occur-
ring in dark matter haloes of the size of a dwarf galaxy. We carried out simulations
of seven spherical models, with the same standard NFW density profile but different
anisotropy profiles of particle orbits. Four of them underwent instability: two with a
constant positive anisotropy, one with an anisotropic core and an isotropic envelope
and one with a very small isotropic core and an anisotropic envelope. Haloes affected
by the instability become approximately axisymmetric and prolate, with the profile
of the shortest-to-longest axis ratio increasing with radius. The lower limit for the
central value of this axis ratio is 0.3 for an NFW halo. The density profiles of the
haloes did not change significantly, whereas the velocity distributions became axisym-
metric. The angular momentum modulus rose due to large-amplitude oscillations of
its components perpendicular to the symmetry axis of the halo. We also studied orbits
of individual particles assigning them to classical orbit families in triaxial potentials.
We find that the membership of a given particle in a family depends on its initial
angular momentum modulus and its components along the principal axes of matter
distribution.
Key words: galaxies: dwarf – galaxies: fundamental parameters – galaxies: kinemat-
ics and dynamics – cosmology: dark matter
1 INTRODUCTION
Simulations of structure formation in the Universe with
dark matter only lead us to believe that virialized struc-
tures, such as dark matter haloes, possess universal prop-
erties that depend only weakly on mass. One such prop-
erty, most often used, is the spherically averaged density
profile that can be approximated by the well-known NFW
(Navarro, Frenk & White 1995) formula.
However, dark matter haloes are definitely not spheri-
cal and their shapes can be approximated by triaxial ellip-
soids, with principal axes labelled a, b, c, so that a > b > c.
Bailin & Steinmetz (2005) reported that on average c/a =
0.6 ± 0.1 and b/a = 0.75 ± 0.15. In addition, the longest
axis is usually aligned with the closest filament in the neigh-
bouring structure. Vera-Ciro et al. (2011) showed that the
profiles of axis ratios are increasing functions of radius, i.e.
their outer parts are more spherical than the inner ones. The
inner regions are usually elongated, whereas the outer ones
are triaxial or even oblate.
Another quantity often used to describe the properties
of dark matter haloes is the anisotropy parameter β = 1 −
(σ2θ + σ
2
φ)/(2σ
2
r) = 1− (v2θ + v2φ)/(2v2r ) (Binney & Tremaine
2008) that characterizes the type of orbits dominating in
the halo. In general, this parameter is also found to be a
function of radius and may depend on mass and environ-
ment. For example, Wojtak et al. (2008) found that the in-
ner parts of simulated cluster-size haloes are characterized
by β(r = 0) = 0.05 ± 0.05 while the outer parts are usually
radially biased with β(rv) = 0.35±0.25 (where rv is the virial
radius). Although the nearly zero value of the anisotropy pa-
rameter in the central parts of simulated haloes is commonly
interpreted as a signature of an isotropic velocity distribu-
tion, it results from spherical averaging of an axisymmetric
and highly anisotropic velocity distribution (Wojtak et al.
2013).
The origin of these properties and the relation between
the density distribution, shape and orbital properties of dark
matter haloes is still under investigation. One phenomenon
that may contribute to the evolution of these properties is
the one of orbit instability. Antonov (1973) proved that a
system consisting entirely of matter streams moving radi-
ally is unstable against perturbations of potential. Indepen-
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dently, Henon (1973) showed that a system with a radi-
ally anisotropic distribution function is unstable. The ex-
istence of this kind of instability in an N-body simulation
was demonstrated for the first time by Polyachenko (1981).
He showed that the shape of an initially spherical system,
whose particles have only radial component of velocity (i.e.
β = 1), changes dramatically in the course of the simula-
tion. This type of instability is referred to as the Radial
Orbit Instability (ROI).
Polyachenko & Shukhman (1981) analyzed a finite-size
system, whose β(r) profile rose from zero in the centre to
a given value at the boundary of the system. They de-
composed the density and potential into a complete set
of functions with the angular part described by spherical
harmonics Ylm(θ, φ) and searched for exponentially growing
eigenmodes. The system turned out to be unstable to the
l = 2 mode. Moreover, they identified a boundary that sepa-
rates a system vulnerable to ROI. They introduced a global
parameter Qglobal = 2Tr/Tt, which for a system without
streaming motions of particles amounts to (1− β)−1, where
β = 1−Tt/(2Tr) is a global anisotropy parameter. The sys-
tem studied by Polyachenko & Shukhman (1981) turned out
to be stable for Qglobal . 1.6, i.e. β . 0.375.
Merritt & Aguilar (1985) analyzed a suite of systems
that all had the same density profile but various β(r) pro-
files. They used two families of models: one with β(r) =
const and one with the Osipkov-Merritt (Osipkov 1979;
Merritt 1985) anisotropy profile: β(r) = (r/ra)
2/[1 +
(r/ra)
2], where ra is the so-called anisotropy radius. For
constant β they found that ROI sets on for Qglobal > 1.4
(β > 0.29). In the case of the second family transition was
found for ra ≈ 0.3rh, where rh is the half-mass radius. For
such a model Qglobal = 2.3 (β = 0.57). Therefore, a global
value of Qglobal is not a good indicator of the possibility
of the onset of ROI. Merritt & Aguilar (1985) additionally
found that the density profile averaged in spherical shells
does not change significantly due to ROI, although the final
elongations were c/a ≈ 0.4− 0.5. Most of their models were
axisymmetric, only the one composed only of radial orbits
was triaxial, with c/b = 0.7.
The stability of anisotropic spherical systems against
ROI was later investigated also by means of the adia-
batic deformation method (May & Binney 1986), N-body
simulations (Barnes, Hut & Goodman 1986; Merritt 1987;
Dejonghe & Merritt 1988; Meza & Zamorano 1997) and
the linear stability analysis (Saha 1991; Weinberg 1991;
Bertin et al. 1994).
ROI may be connected to the form of the density pro-
files of cosmological haloes. Huss, Jain & Steinmetz (1999)
showed that for a cold collapse occurring in cosmologi-
cal setting, if tangential components of gravity were artifi-
cially turned off, a halo with the density profile ρ ∝ r−2
would form, in contrast with normal conditions when a
halo with an NFW profile forms. In similar simulations
MacMillan, Widrow & Henriksen (2006) noted that the
haloes formed were elongated, with β(r) raising from zero in
the centre to unity at the virial radius. One more factor that
affects the final shape of the haloes formed from a collapse is
the initial virial ratio (e.g. Barnes, Lanzel & Williams 2009).
Trenti & Bertin (2006) indicated that an initially isotropic
core suppresses the onset of ROI during cold collapse. An
additional stabilizing factor is the presence of a black hole in
the centre of the system. It may entirely suppress instability
(Palmer & Papaloizou 1988) or even drive partial reduction
of elongation (Buyle et al. 2007).
Antonini, Capuzzo-Dolcetta & Merritt (2009) found a
counterpart of ROI in a system that was already triaxial.
Initially, their system had axis ratios c/a = 0.7 and b/a =
0.9. During the simulation, the shape has changed to less
triaxial and finally c/a ≈ b/a ≈ 0.65. Moreover, reduction of
the number of box orbits led to the suppression of instability.
Understanding ROI may be crucial for at least two rea-
sons. First, it allows us to place constraints on dynami-
cal models constructed to describe real galaxies. Second, it
seems that the onset of ROI may be of importance in the
process of the formation of dark matter haloes, which sur-
round individual galaxies and whole clusters. In this work
we study the impact of ROI on systems having initially the
same NFW density profile, but different anisotropy profiles.
Our study is inspired by recent developments in the un-
derstanding of anisotropy profiles of gravitationally bound
systems forming in cosmological context. We focus on dark
matter haloes of mass and other properties characteristic
of present-day dwarf galaxies. This choice is motivated by
the fact that the dynamical time of the systems is relatively
short and therefore their evolution may be significant over
cosmic time. Such systems are presumably old, therefore
there was likely enough time for ROI to affect them. For-
mation of non-spherical dwarf haloes is also important for
testing the reliability of different methods of estimating mass
and density profiles of these haloes as such models can be
used to generate mock data samples.
The paper is organized as follows. In section 2 we de-
scribe the initial conditions used in our simulations and the
set-up of the N-body code. In section 3 we show how the
distribution of matter in the haloes changes due to the occur-
rence of ROI depending of the different anisotropy profiles
assumed. In section 4 we characterize the influence of ROI
on halo kinematics, while in section 5 we focus on orbits of
individual particles. The discussion follows in section 6 and
in section 7 we summarize our results.
2 THE SIMULATIONS
The initial conditions of our simulations were generated as
numerical realizations of dark matter haloes with the same
NFW profile and different profiles of the orbital anisotropy.
Since the standard NFW profile does not have a finite mass,
as the radial density profile we adopted the NFW profile
with a cut-off at the virial radius rv:
ρ(r) =
{
ρ0
(r/rs)(1+r/rs)
2 r < rv
N
(r/rc)(1+r/rc)
5 r > rv
. (1)
Thus, below the virial radius our haloes have the standard
NFW density distribution with the characteristic density ρ0
and the scale radius rs. Outside the virial radius the density
profile is steeper and the constants N and rc are determined
by the condition that the functions ρ(r) and dlogρ/dlogr
are continuous near rv. We employed haloes with the virial
mass (the mass inside the virial radius) Mv = 10
9M⊙,
the virial radius 25.8 kpc and the concentration parame-
ter c = rv/rs = 20, resulting in a scale radius rs = 1.29
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Table 1. Anisotropy models of simulated haloes.
Simulation β0 β∞ rt/rs Colour
C1 0 0 – red
C2 0.25 0.25 – green
C3 0.5 0.5 – blue
D 0.5 0 1.0 orange
I1 0 0.5 0.5 purple
I2 0 0.5 1.0 brown
I3 0 0.5 2.0 cyan
kpc. Although these choices make the results directly ap-
plicable to galaxies of the dwarf mass scale, they can be
rescaled to more massive objects. The appropriate scaling
formulae for the NFW density profile are given in section
2.1 of Wojtak et al. (2008).
We adopted a model of the distribution function pro-
posed by Wojtak et al. (2008), namely
f(E,L) = fE(E)fL(L), (2)
with its angular momentum part given by the formula
fL(L) = L
−2β0
(
1 +
L2
2L20
)β0−β∞
, (3)
where β0 and β∞ are anisotropies of the system in the centre
and at infinity, respectively. The angular momentum con-
stant L0 is related to the characteristic radius rt defined as
β(rt) = (β0 + β∞)/2 that describes the scale of transition
from β0 to β∞ in the β(r) profile. Such a profile of anisotropy
has three free parameters and is sufficiently flexible to ade-
quately describe the variability and diversity of β(r) profiles
found in majority of cosmological haloes. It is also possi-
ble to choose a set of values (β0, β∞, L0) that corresponds
to a mean anisotropy profile of a halo (Wojtak et al. 2008).
The assumed density profile uniquely determines the energy
part of the distribution function, fE(E). The details of its
construction are given in Wojtak et al. (2008).
We generated seven different numerical realizations of
dark matter haloes with different initial orbital anisotropy
β profiles. The basic properties of the models are listed in
Table 1. The first three models in the Table, C1-C3, had con-
stant anisotropy parameters: 0, 0.25 and 0.5, respectively. In
the other four the anisotropy varied with radius. The pecu-
liar model D had an anisotropy profile decreasing with radius
from β0 = 0.5 to β∞ = 0. The central anisotropy parameter
in this model (and model C3) takes the maximum value per-
mitted by the condition of non-negative phase-space density
for a spherical NFW halo (see An & Evans 2006). Models
I1-I3 had the anisotropy profile increasing with radius, with
the same central and asymptotic anisotropy, namely β0 = 0,
β∞ = 0.5, but the value of the transition radius rt was varied
from 0.5 to 2 times the scale radius rs. Such a dependence on
radius was chosen in order to mimic the anisotropy profiles
obtained in cosmological simulations (see e.g Wojtak et al.
2008). The last column of Table 1 gives the colour with
which the results for a given orbit will be shown throughout
the paper. All the anisotropy profiles considered here are
plotted in Figure 1.
The simulations were carried out using the parallel, tree
N-body code Gadget-2 (Springel 2005). Particle mesh lat-
tice of size 1283 was used. The gravitational force softening
was set to 0.06 kpc, so we could reliably resolve physics on
-0.1
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Figure 1. The initial anisotropy profiles of simulations C1-C3,
D and I1-I3.
the scales larger than about 0.2 kpc. Evolution of 106 par-
ticles in each halo was traced for 10 Gyr and we saved their
positions and velocities every 0.05 Gyr.
3 MASS DISTRIBUTION
In order to accurately measure the shape of a halo, it is
necessary to determine its centre of mass. We do this by
calculating the centre of mass of particles inside a sphere of
decreasing radius until convergence is reached. The shape of
each halo was determined iteratively using the algorithm de-
scribed by Zemp et al. (2011) with a slight modification. In
each step the space was divided into ellipsoidal shells which
were allowed to have different axis ratios and principal axes.
Each shell Si was defined, in a coordinate system aligned
with its principal axes, as a set of points
Si : =

(x, y, z) : log

 3√piqi
√
x2 +
(
y
pi
)2
+
(
z
qi
)2
∈ (log rell,i − log k, log rell,i + log k)

 ,
(4)
where log rell,i were equally spaced in the logarithmic space
and k was the spacing. The shells had the following principal
axes
ai = rell,i
(
1
piqi
)1/3
, (5)
bi = rell,i
(
p2i
qi
)1/3
, (6)
ci = rell,i
(
q2i
pi
)1/3
. (7)
This choice ensures that bi/ai = pi and ci/ai = qi. The
volume of the shell Vi ∝ aibici = r3ell,i, thus we can adopt
rell,i as a mean radius of the i-th shell. For each shell the
shape tensor
Sjk =
∑
i
(ri)j(ri)k (8)
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was calculated, where (ri)k denotes the k -th component of
the i-th particle position vector and summation runs over
all particles in the shell. Square roots of eigenvalue ratios
correspond to the axis ratios p and q. The direction of the
eigenvector of the largest eigenvalue corresponds to the di-
rection of the longest axis of mass distribution, and so forth.
Afterwards, particles were reassigned to shells and the iter-
ative procedure continued until convergence.
In Figure 2 we show the time dependence of different
axis ratios measured at r = rs = 1.29 kpc. The shape of the
halo in simulation C1 was not altered, whereas the other two
models with constant β(r) underwent ROI. In both cases
the evolution begun shortly after the start of the simula-
tion and the shape settled relatively quickly. As c/b > 0.9,
we conclude that both haloes are approximately axisym-
metric and prolate. Not surprisingly, ROI manifested itself
more strongly in model C3 with the largest value of constant
anisotropy: the halo is more elongated and its evolution pro-
ceeded more rapidly.
In the case of model D (with decreasing β(r)) the situ-
ation was similar to model C3: the evolution begun shortly
after the start of the simulation, lasted for approximately
1 Gyr and the final shape was slightly less elongated. One
major difference is that initially, until t ≈ 1 Gyr, the halo
was axisymmetric, however it was not prolate, but oblate
(b/a ≈ 1).
Among the haloes with the increasing profile of
anisotropy, only the one with the smallest transition scale rt
underwent ROI. Moreover, the onset of the instability was
quite slow in this case, the halo remained stable for about
5 Gyr and did not finish its evolution before the end of the
simulation. As in the previous cases, the final shape is nearly
axisymmetric and prolate.
We have also investigated the time evolution of axis ra-
tios at other radii. It turned out that for models C2, C3 and
D the instability manifested itself first in the very centres
of the haloes and then the further from the centre, the later
the shape change occurred and the slower was the rate of
this change. In the case of model D the shape was oblate at
first also at other radii and then evolved into prolate. The
evolution of halo I1 was different. At first, the shape begun
to change at radii between 1.5 and 3.5 kpc and the central
part underwent evolution only later.
In the left column of Figure 3 we plot the final axis ra-
tios of all haloes as a function of radius. It may seem that
the central parts of models C1, I2 and I3 are elongated, hav-
ing c/a ≈ 0.9. However, it is not a physical feature, but a
numerical one. In the central shells there were so few parti-
cles that the algorithm converged slowly and was not very
stable. At the end of the simulation the shapes of haloes C2
and D were stable everywhere. Halo C3 was still evolving
beyond r ≈ 20 kpc and halo I1 did not finish its evolution
anywhere.
It is interesting to check whether the principal axes
of different shells are aligned and whether this alignment
evolves in time. It turns out that for all simulations the
situation is similar. The direction of the longest axis does
not depend on radius and is also very stable in time. If for
a given shell the shortest-to-longest axis ratio drops below
∼ 0.97, the longest axis has the same direction as in the
whole halo. The intermediate and shortest axis are less sta-
ble and wobble by up to 20◦ in the plane perpendicular to
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Figure 2. Evolution of the axis ratios measured at r = rs =
1.29 kpc. Each panel shows results for a different simulation, as
marked in the lower left corner. Solid lines: shortest to longest
(c/a ≡ q), dashed lines: intermediate to longest (b/a ≡ p), dotted
lines: shortest to intermediate (c/b ≡ q/p).
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Figure 3. Left column: Final profiles of the axis ratios for all models. Solid lines: shortest to longest (c/a ≡ q), dashed lines: intermediate
to longest (b/a ≡ p), dotted lines: shortest to intermediate (c/b ≡ q/p). Middle column: Ratio of the density profile of the simulated halo
to the density profile given by the NFW with a cut-off. Dashed lines: the density profile at the beginning of the simulation calculated in
spherical shells. Solid lines: the density profile at the end of the simulation calculated in ellipsoidal (models C2, C3,I1, D) or spherical
(models C1, I2, I3) shells. Right column: Profiles of the anistropy parameter β: initial (dashed) and final (solid).
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the longest axis. This is likely a numerical effect due to the
small difference between their lengths.
We have verified whether the ellipsoid obtained from
the diagonalization of the shape tensor corresponds to the
contours of constant density. In a spherical shell the density
may vary in different directions by more than a factor of 2.
In a given ellipsoidal shell, the maximum differences do not
exceed ten per cent.
In the middle column of Figure 3 we show the final
density profiles of the haloes divided by the initially assumed
density profile from equation (1) and compare them to the
initial ratio. Since in the haloes which underwent ROI the
density is not constant in spherical shells, for simulations
C2, C3, I1 and D the density distribution was computed in
ellipsoidal shells.
Despite considerable changes in the halo shapes, the
density profiles were not significantly modified, which means
that the density distribution can be described by a general-
ized triaxial NFW profile. However, we note that for haloes
that underwent ROI the density was decreased a little in the
centre so some outward flow of matter must have occurred
in the central parts. The profiles were modified so that in all
those cases the central logarithmic slope is slightly shallower
than −1, the value characteristic of the NFW profile.
4 KINEMATICS
Although the orbital anisotropy β does not possess a
clear physical meaning for non-spherical objects (see e.g.
Wojtak, Gottlo¨ber & Klypin 2013), we checked how it
changed during the simulations. A comparison of β profiles
at the beginning and at the end of all simulations is shown
in the right column of Figure 3. It may seem that in re-
gions where ROI has taken place, the anisotropy gradually
decreased making the distribution of orbits more isotropic.
However, it has been noted that the velocity distribu-
tion in the centres of haloes has the same symmetry as the
matter distribution, i.e. in the axisymmetric haloes the ve-
locity distribution is also axisymmetric (Sparre & Hansen
2012; Wojtak et al. 2013). In order to examine this, for all
of the haloes which have undergone ROI we calculated β
profiles in cones along and in annuli perpendicular to the
major axis of the density distribution. The results are shown
in Figure 4, together with the initial β profiles.
In both directions the region where the anisotropy pa-
rameter changed coincides with the region where the shape
of the mass distribution was altered. Further away from the
centres of the haloes β remained the same as initially. In the
direction perpendicular to the major axis β decreased sig-
nificantly, making the distribution of orbits isotropic (haloes
C2, I1) or even tangentially biased in the case of the haloes
C3 and D. On the other hand, β profiles along the major
axes changed much less. In the very centres of the haloes
they decreased a little and increased in the middle parts of
the haloes.
When the β parameter is computed in spherical shells,
as in the left column of Figure 3, the values from different
regions are averaged. Thus it seems that the distribution of
orbits is isotropic in the very centres of the haloes and the
region where the anisotropy parameter decreased is smaller
than the region where the shape was altered.
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Figure 4. Final directional profiles of the anisotropy parameter
β for all haloes which underwent ROI, calculated along (dashed
lines) and perpendicular to (solid lines) their major axes. For
comparison we included also the initial anisotropy profiles (dotted
lines).
We have also calculated eigenvalues and eigenvectors of
the velocity dispersion tensor. The vectors are usually con-
sistent with the direction of the principal axes of mass distri-
bution. The velocity dispersion in the direction of the longest
axis is largest and the other two are smaller and almost
equal. Such an alignment of the velocity dispersion tensor
is also seen in cosmological simulations (e.g. Wojtak et al.
2013) and confirms that the velocity distribution is indeed
axisymmetric.
In the following discussion of the properties of the
haloes affected by ROI we concentrated on simulation C3,
as in this case the halo shape changed the most, thus one
can expect that other properties also changed significantly.
One interesting question to ask is how the distribution func-
tion was affected by the instability. Unfortunately, it is non-
trivial to obtain the distribution function from information
about positions and velocities of particles only. Note that
the distribution function is given by
f(E,L) =
N(E, L)
g(E,L)
, (9)
where N(E,L) is the number of particles with energy E
and angular momentum L and g(E,L) is the volume of
hypersurface in phase space given by E and L. It can be
easily calculated only when the analytic form of the gravi-
tational potential is available. In Figure 5 we show instead
the N(E,L) itself. Brighter colours correspond to a larger
density of particles.
The top panel was generated from the initial state of
simulation C3, whereas the middle one from its final state.
For comparison, in the lower panel we present the same dis-
tribution for the isotropic model C1. The line above which
there are no particles indicates the maximum angular mo-
mentum at a given energy. Such a value of L is characteristic
of particles on circular orbits. As a result of the evolution,
the distribution for simulation C3 became more similar to
the isotropic distribution due to the increase of the angular
momentum of particles in the region where ROI occurred.
In addition, the depth of the potential well decreased as a
result of the decrease of density in the centre of the halo.
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Figure 5. Distribution of particles N(E,L): brighter colours cor-
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Figure 6. The distributions per unit of angular momentum for
simulation C3 of: Top: the angular momentum modulus: initial
(dashed line) and final (solid line). Bottom: the initial and final
components of the angular momentum. The coordinate system is
such that x, y and z correspond to the major, intermediate and
minor axis of the halo.
Since the angular momentum modulus rose distinctly,
we analyzed the change of its components. After undergo-
ing ROI, the halo is no longer spherically symmetric, so we
introduced a new coordinate system, aligned with the prin-
cipal axes of the matter distribution. The axes are stable, so
for simulation C3 we computed their mean directions and
used them to define the coordinate system so that the X
axis is along the longest axis, Y along the intermediate and
Z along the shortest.
In Figure 6 we illustrate the modification of the distri-
bution of particles with a given angular momentum modulus
or its components (per angular momentum unit). At the end
of the simulation, the number of particles with L ≈ 0 de-
creased by more than a factor of 10 which means that the
angular momentum increased significantly. The initial dis-
tributions of the angular momentum components were the
same. The component Lx increased only slightly during the
evolution. The approximate conservation of this component
could be expected, as the shape of the halo is approximately
axisymmetric and so is the potential. The distributions of
Ly and Lz were subject to significant evolution and as a
result the angular momentum has grown.
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Table 2. Conditions for membership in families of orbits
Family Components of L Outermost positions
B Lx, Ly, Lz ≈ 0 Symmetric: |xmax| ≈ |xmin|,
similarly for y, z
R Lx, Ly, Lz ≈ 0 Asymmetric
S sgnLz = const —
I sgnLx = const |x(rmax)| > |x(rmin)|
O sgnLx = const |x(rmax)| < |x(rmin)|
5 ORBITS OF PARTICLES
Knowing that for individual particles the angular momen-
tum rose, we may ask how exactly it changed and how par-
ticle orbits were affected. In a spherical potential orbits are
always confined to their initial plane and eventually form a
rosette-like shape. In a more general potential the situation
is much more complicated due to the fact that they are usu-
ally non-integrable, with a notable exception of a Sta¨ckel
potentials. De Zeeuw (1985) showed that in a perfect ellip-
soid there exist four distinct families of orbits: the box (B),
short-axis tube (S), inner long-axis tube (I) and outer long-
axis tube (O). For the figure depicting the shape of every
family we refer the reader to Statler (1987) or Figure 3.46 in
Binney & Tremaine (2008). If a given potential has a shape
similar to the perfect ellipsoid, those families persist, but
also various resonant (R) orbits may be present, as well as
chaotic ones.
In an integrable potential in order to classify an orbit it
is sufficient to know its integrals of motion, as orbit families
occupy distinct regions in the space of integrals of motion.
In the simulation we do not know the exact form of the po-
tential, moreover it evolves in time, thus it is impossible to
determine integrals of motion and place any definite condi-
tions on the membership of an orbit in a given family. There
exists an efficient method for searching for basic frequencies
(e.g. Carpintero & Aguilar 1998), but it could not be used
for our simulations, as it requires a much denser sampling
of particle positions and velocities. Here, we adopt instead
the approach of Schwarzschild (1993) who described simple
criteria that allow to determine the orbit type for a given
particle. We modified them slightly and present them in Ta-
ble 2.
As in the previous section, the coordinate system is such
that the x, y and z axis are oriented along, respectively, the
major, intermediate and minor axis of the matter distribu-
tion. For the B family it is crucial for all of the mean com-
ponents of the angular momentum Lx, Ly and Lz to vanish.
In addition, this kind of orbit is symmetric with respect to
the principal planes of the coordinate system. This means
that the largest distances from both sides of the Y Z plane,
i.e. in the positive direction of x axis (xmax) and negative
(xmin), are the same (except for the sign): |xmax| ≈ |xmin|. A
similar condition holds for the outermost positions in the y
and z direction. The simple resonant orbits from the family
R also have negligible Lx, Ly and Lz, but they are asym-
metric with respect to at least one plane of the coordinate
system.
The three remaining families have a fixed sense of rota-
tion and, consequently, one component of the angular mo-
mentum does not change its sign, thus its average is non-
vanishing. For the family S the non-alternating angular mo-
mentum component is Lz. The distinction between the two
families of orbits rotating around the x-axis (both of which
have sgnLx = const) is given by a simple feature, which
can be easily seen in the relevant figures of Statler (1987):
the I orbits are concave, while the O orbits are convex with
respect to the x axis (i.e. their axis of revolution). Quanti-
fying this feature results in that for family I the maximum
distance from the x-axis (rmax) and the minimum one (rmin)
occur, respectively, at a large and a small distance from the
Y Z plane. Simply put, |x(rmax)| > |x(rmin)|. The situation
is reversed for the family O.
For the analysis of orbits we again chose simulation C3
because it underwent the most pronounced evolution, thus
we expect the largest differences between orbit types. We
have analyzed orbits of all particles with initial energy in
the range 800 ± 2 (km s−1)2. There were about 1200 such
particles. In the NFW potential the circular orbit of such
energy has the radius of about 1.95 kpc and the period of
0.67 Gyr. Its angular momentum, and thus the maximum
angular momentum for such energy, amounts to Lmax = 35.7
kpc km s−1. At this distance from the centre, the shape
ceases to change at about 2.5 Gyr from the beginning of the
simulation, so the adopted conditions from Table 2 apply to
a later time.
Such a choice of the energy is a compromise between two
extremes. Particles further away from the centre of the halo
completed too few cycles to reliably determine the families
they belong to. On the other hand, particles from the more
central part of the halo have short periods and with positions
saved only every 0.05 Gyr we could not fully trace their
motion.
In Figure 7 we show a few examples of particle orbits in
projection onto the principal planes of the coordinate sys-
tem. In most cases the change of the orbit after t ≈ 2.5 Gyr
is easily seen. Apart from stability, a system made up only
of O-type particles would be axisymmetric and oblate (but
then we would call this family S). In the case of family I, it
would be prolate and, in an extreme case, slightly triaxial.
The contribution from the box orbits also makes the system
elongated, but much more triaxial.
It is worth noting that the extreme position in the x-
direction of a B-type particle is larger than in the case of
a particle belonging to family I. It is a result of an I-type
particle having a non-zero velocity at a maximum distance
(to conserve Lx =const 6= 0), whereas a B-particle stops at
this point, thus it can move away more while conserving
its energy. In the cases of both families I and B, a particle
spends more time at a greater distance from the XY -plane
than in its vicinity. The situation is similar to that in a
Keplerian potential when it spends more time away from
the centre of the potential.
In Figure 8 we show the time dependence of the mod-
ulus of the angular momentum and its components for the
same particles that were used in Figure 7. For the family I,
the Lx component is approximately conserved, but the other
two oscillate in time. In consequence, the angular momen-
tum modulus also oscillates and is usually larger than its
initial value. The variation of the angular momentum of the
O-type particles is similar. In the case of the S-type orbit,
the sign of the Lz component is conserved and the other two
oscillate. For the box and resonant orbits all three compo-
nents oscillate with large amplitudes and their mean values
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Figure 7. Examples of projections of trajectories for particles belonging to different orbit families in simulation C3. The coordinate
system is such that x, y and z are along the major, intermediate and minor axis of the halo. The two colours correspond to different
periods of evolution: t < 2.5 Gyr (blue) and t > 2.5 Gyr (red).
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Figure 8. The time dependence of the angular momentum for
particles belonging to different orbit families in simulation C3.
The coordinate system is such that x, y and z are along the
major, intermediate and minor axis of the halo.
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Figure 9. Top panel : Orbit classification, depending on the ini-
tial Lx and Lyz = (L2y + L
2
z)
1/2. Bottom panel : Orbit classifica-
tion for particles which originally had Lx/Lmax < 0.2, depending
on the initial Ly and Lz .
are zero. In effect, the mean angular momentum modulus is
larger than at the beginning. The energy of each single parti-
cle is approximately constant, however non-periodic changes
are present. This is related to the time-dependence of the
potential due to the evolution of the halo shape, hence the
energy is not an integral of motion.
One can raise the question whether we can predict
which family a given particle will join based on its initial
position and velocity vectors. If the families differ between
themselves in angular momentum, then such classification
will likely depend on the initial angular momentum vector.
In the top panel of Figure 9 we show to which family
a particle belongs, depending on its initial Lx and Lyz, i.e.
the projection of the angular momentum vector onto the
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Figure 10. Comparison of the final short-to-long axis ratios, de-
fined as (c/a + b/a)/2, for all simulations. The vertical dotted
line indicates the radius beyond which the evolution of model C3
is not yet completed. The evolution of model I1 has not finished
anywhere.
Y Z plane. First, let us consider the region Lx/Lmax & 0.3.
Clearly, the families I and O occupy distinct regions. For
small Lx particles belong to family O above L/Lmax ≈ 0.7.
For large Lx this value raises up to 0.8 or maybe even more.
Interestingly, I orbits with initial Lx/Lmax > 0.7 are actu-
ally oblate – their maximum distance from the Y Z plane is
smaller than the maximum distance from the X axis. Hence
all particles with L/Lmax > 0.7 appear to eventually move
on an orbit with an oblate shape. Particles from the family O
residing in the uniform I region are erroneously interpreted
resonances. We also note that not all the particles which
were marked by our algorithm as belonging to the family I
indeed belong to it, they just have similar shape. It is due to
the fact that our orbit classification is very simple and based
on very crude properties of the angular momentum time de-
pendence and the shape of the orbit of the particle. It is not
precise enough to grasp the whole variety of resonant and
chaotic orbits.
In order to examine the region Lx/Lmax . 0.2, in
the bottom panel of Figure 9 we plot all particles fulfill-
ing this condition, in the plane of the initial Ly versus
Lz. For Lyz/Lmax > 0.7 two families are present: S for
Lz/Lmax & 0.6 and O in the opposite case. For small values
of Lyz/Lmax there is no clear division between orbits from
families I, B and R. The orbits B and R seem to disappear
for Ly/Lmax & 0.35. In the case of family I the larger the
ratio Lz/Ly (above unity), the smaller the fraction of par-
ticles with this type of orbit among all. A closer inspection
reveals that they usually then have larger Lx.
In a spherically symmetric NFW potential, the region
which the particle is allowed to occupy is uniquely deter-
mined by the energy and the angular momentum vector. It
has to be noted that the final orbit type does not seem to
be always determined by the components of the angular mo-
mentum, but may also depend on other factors, such as the
particle trajectory when the shape evolution occurs.
6 DISCUSSION
All final states of the haloes can be considered biaxial, thus
in Figure 10 we plot the final short-to-long axis ratios for all
models, with the ratio defined as (c/a+ b/a)/2. One should
notice different areas affected by the instability. The haloes
in simulations C1, I2 and I3 have not undergone ROI. In
these cases the axis ratios at all radii are consistent with
unity within uncertainties from shot noise.
First, let us consider models whose initial profile of the
anisotropy parameter was constant, i.e. β(r) =const. Sys-
tems with an isotropic distribution of orbits (β = 0), such
as model C1, are stable and ROI does not develop in them.
The more radial the orbits, i.e. the larger is the initial β
parameter, the greater is the impact of ROI on the shape of
the halo. The moment when the configuration of the parti-
cles begins to change depends to some extent on the initial
anisotropy, whereas the rate of this change depends signifi-
cantly on β. After some time, when the new orbits of parti-
cles become stable, the halo reaches its final, approximately
axisymmetric shape, with the axis ratios increasing with ra-
dius.
If we introduce the triaxiality parameter T = (a2 −
b2)/(a2− c2) we can quantify the degree of triaxiality in the
haloes. The haloes in simulations C2 and C3 have T > 0.9 in
the region subject to instability, hence we can conclude they
are biaxial and prolate. It may seem that they are more tri-
axial in the centres, but the determination of the axis ratio in
the central part of the halo is uncertain. Additionally, haloes
with a larger initial anisotropy are slightly more triaxial. In
both haloes, at the end of the simulation β(r = 0) ≈ 0, how-
ever only in the very central part of the halo the distribution
of orbits is more isotropic than initially. There exists a vast
region where β is almost equal to its initial value, though the
shape of the matter distribution has altered significantly.
The models C3 and D had the initial central anisotropy
β0 = 0.5, but for the latter β(r) was a decreasing function of
radius, approaching the isotropic distribution at large radii.
Comparing these simulations we conclude that for model D
the rate of the evolution was considerably slower and af-
fected a smaller part of the halo. The more isotropic distri-
bution of orbits in the outer part of the halo suppressed the
development of the instability: the radius beyond which the
halo remained spherical (r ≈ 8 kpc) corresponds to the ra-
dius at which the orbits are practically isotropic (β < 0.05).
The central axis ratio in simulation D amounts to about
0.4 and in simulation C3 to a little more than 0.3. Tak-
ing into account that for the NFW profile the maximum
β0 = 0.5 (and that even using an increasing profile of β(r)
with β∞ = 1 would probably not change the situation much
compared to model C3), we can formulate a hypothesis that
the minimum central axis ratio that can occur in an NFW
halo as a result of ROI is about 0.3. Interestingly, it is con-
sistent with the maximum elongation of elliptical galaxies,
which are similar to dark matter haloes in a sense of being
supported by random motion of their constituents. In the
case of elliptical galaxies it is argued that the bending in-
stability prevents the formation of more elongated shapes
(Merritt 1999). It is thus plausible that the occurrence of
this instability halts the development of ROI.
Among haloes which initially had an isotropic distri-
bution of orbits in the centres and anisotropic in the outer
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parts, only model I1 underwent ROI. The remaining two
models were stable during the 10 Gyr of the simulation.
We cannot rule out that extending the simulation to a
longer period would lead to the occurrence of the instability.
Then the situation would be similar to the case studied by
Meza & Zamorano (1997) who showed that one of the mod-
els claimed by Merritt & Aguilar (1985) to be stable turns
out to be unstable after doubling the simulation time.
Polyachenko, Polyachenko & Shukhman (2011) argued
that for generalized polytropes with a distribution function
of the form f(E,L) ∝ L−2βEq if β > 0 then a growing
eigenmode is always present, but the growth rate γ decreases
exponentially with β, i.e. γ ∝ exp(−β∗/β). Hence, in the
case of a finite simulation time a given system may seem
stable. In our simulations, model I1 appeared stable for a
long time before the onset of the instability, so models I2
and I3 might have turned out to be unstable as well if only
the simulation had lasted longer.
However, there is a major difference between systems
with a distribution function whose angular momentum part
is given by equation (3) with β0 = 0 and generalized poly-
tropes. In the latter case the limit L → 0 of f(E,L) is not
bounded, and according to Palmer & Papaloizou (1987) and
Polyachenko et al. (2011) it is a sufficient condition for ROI
to occur.
In models with β(r = 0) > 0 the instability took place
first in the very centres of the haloes and then spread out-
wards. In this respect, model I1 was significantly different
in a sense that in this case the ROI manifested itself first
at a considerable distance from the halo centre. A closer in-
spection revealed that the central part of this halo was not
subject to instability, despite the fact that the axis ratios
differed from unity. The principal axes of the shape tensor
in the central part are not aligned with the principal axes in
the outer part. Moreover, the value of β in the centre began
to decrease only after the decrease in the outer part took
place.
A similar effect should be present in the case of the
instability occurring in Osipkov-Merritt models. Unfortu-
nately, the radial dependence of axis ratios was rarely ex-
amined in the literature. In the case of Merritt & Aguilar
(1985) work, the central parts reached c/a ≈ 0.77, whereas
at the radius encompassing 60 per cent of the system mass
c/a ≈ 0.33. Bellovary et al. (2008) studied the cold collapse
of haloes in cosmological setting and for a system with a
large isotropic velocity dispersion obtained a spherical nu-
cleus. However, they did not point out that at an average
distance from the halo centre c/a ≈ 0.4−0.5. Since the outer
part of their halo remained spherical, their c/a profile was
qualitatively similar to the one obtained in our simulation I1.
The values of Qglobal,cr = (2Tr/Tt)cr, above which the
system is unstable against ROI, reported in the literature
depend on the model and are widely scattered in the interval
1.4 − 2.6, which translates to β = 0.29 − 0.62 (see a review
by Merritt 1999). Among our models which underwent ROI
the one with the smallest Qglobal is model D, from which we
can derive an upper limit for the critical value Qglobal,cr <
1.14 for the NFW density profile. Interestingly, models I2
(Qglobal = 1.63) and I3 (Qglobal = 1.47) with a higher value
of parameter Q seemed to be stable. Nipoti et al. (2011)
suggested that a parameter Qhalf . 1.3, which is defined in
the same way as Q, but calculated only within the half-mass
radius, might be a good indicator of the stability. However,
our system D had Qhalf = 1.2 and was unstable. We note
that this value of Qhalf should not be treated as a new and
reliable constraint on the occurrence of ROI.
Moreover, from Figure 10 it is obvious that the area
subject to ROI is smaller if the initial distribution of or-
bits is more isotropic. It seems that there might exist a
critical profile βcr(r) (or, similarly, Qcr), below which we
cannot confirm the occurrence of ROI, because the c/a
and b/a profiles would be indistinguishable from numeri-
cal noise (also present in the profiles for simulation C1). It
would not mean that we have found a true critical value
(or profile) of anisotropy, but only that we reached the
limit of the resolution of the numerical results. Additionally,
Palmer & Papaloizou (1987) showed that all systems with a
distribution function not bounded in the limit of L→ 0 are
unstable to ROI. Such a feature is for example characteris-
tic of all distribution functions of the form given in equation
(3), for which β0 = β(r = 0) > 0. Therefore, we recommend
against using the notion of the global (or half-mass) critical
value of Q, as the onset of ROI seems to depend predomi-
nantly on the shape of the anisotropy parameter profile β(r).
Final axis ratios obtained in our simulations are sim-
ilar to those reported by other authors. However, one has
to bear in mind that a direct comparison of the final axis
ratios is difficult, as we measured profiles of those ratios,
whereas usually only global values are provided. The max-
imum elongation found by other authors is of the order
of c/a ≈ 0.3 (Meza & Zamorano 1997; Nipoti et al. 2002,
2011). Merritt & Aguilar (1985) describe all their haloes as
having c/a = 0.4 − 0.5. Haloes which form as a result of
cold collapse usually have c/a ≈ 0.5. Dark matter haloes
from cosmological simulations are typically less elongated
and have smaller differences between the inner and outer
values of c/a. We suppose that a gradual formation of such
a halo, in contrast with the monolithic collapse, may be one
of the reasons for the difference.
The density profile of our simulated haloes did not
change significantly, thus particles did not change their
mean distance form the potential centre, but only recon-
figured themselves. The decrease of the logarithmic slope γ
in the centre may be a continuation of the effect noticed by
Huss et al. (1999), i.e. the transition from γ = 2 to γ = 1
in the centre of the collapsed halo if the onset of ROI was
permitted.
The anisotropy parameter β calculated in spherical
shells is definitely an inadequate quantity to describe the
velocity distribution of a non-spherical object. The fact that
the orbit distribution is tangentially biased in the plane per-
pendicular to the major axis of the halo is connected to the
prevalence of orbits with significant angular momentum (O,
S and I with high initial Lx) in this region. Moreover, when
members of the families B, R and the rest of the family I
cross this plane, they usually have small radial and large
tangential components of the velocity. On the other hand,
in the region along the major axis there is much more diver-
sity in the behaviour of the particles, thus the β parameter
remains almost the same as initially. Altogether, it is likely
that such a complicated distribution of orbits is not a re-
sult of ROI but rather an effect of bi- or triaxiality of the
potential generated by the mass distribution.
A number of authors (e.g. Meza & Zamorano 1997)
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speculated about the relation between the box orbits and
ROI. Cincotta, Nunez & Muzzio (1996) studied the influ-
ence of the l = 2 perturbation on two-dimensional orbits.
They argued that during precession the orbit with a small
generalized momentum pφ (which is in fact the angular mo-
mentum) would be attracted by the bar and if the initial pφ
was small enough, the orbit would be caught by the bar. As
a result, it would become a two-dimensional equivalent of a
box orbit and its pφ would oscillate. We have observed such
oscillations for all components of the angular momentum of
box orbits and for components Ly and Lz of inner long-axis
tubes.
Analyzing the behaviour of individual particles one can
try to understand the development of the instability. If the
alignment of particles in the central part of the halo breaks
spherical symmetry, particles in outer part of the halo start
to move in a triaxial potential. Particles with a small L
which are situated there start to move on orbits belonging
to families B and I. Contribution of these families to the
potential is again non-spherical. Therefore, particles from
further away once again orbit in a triaxial potential and
their trajectories are modified.
Such a reasoning explains the difference between models
C2 and C3. In the former case there was a smaller number of
particles with a small L, thus less particles that could have
a non-spherical contribution to the density distribution. It
explains also why for simulation D the outer part of the
halo remained spherical. Some of the particles situated there
passed to family O and the rest to the others. However, there
were enough particles in family O (which initially had a large
L) to balance the influence of families I and B.
There is no good answer to the question why in the
case of models with constant β (C2 and C3) the shells lying
further from the centre of the potential are rounder than the
ones lying closer to the halo centre. It might be related to the
bending instability, whose influence depends on the radius in
a non-trivial manner. The size of the area influenced by ROI
may depend not on relative parameters, e.g. the ratio of the
pericentre distance to the size of the orbit or the ratio of the
initial angular momentum to its maximum value at a given
distance, but it may depend on absolute values. Particles
with a larger mean orbit radius do not pass close to the
centre. They also have a larger angular momentum – even
if it is small compared to Lmax. Simply put, in order to get
to families B and I a small absolute value of L is necessary,
not relative to Lmax.
7 SUMMARY
In this paper we examined the impact of ROI on the shape
of dark matter haloes. For this purpose we performed seven
different simulations of haloes with the same NFW density
profile of virial radius rv = 25.8 kpc and concentration c =
20. The virial mass of each halo was equal to Mv = 10
9M⊙
corresponding in size to haloes of dwarf galaxies obtained in
cosmological simulations.
However, each model had a different initial radial de-
pendence of the anisotropy parameter β. Three of them had
a constant anisotropy, including an isotropic one. The next
model was rather peculiar: it had a strongly anisotropic core
but an isotropic envelope. The last three had and increasing
β(r) profile, similar to haloes obtained in cosmological sim-
ulations. They differed in rt – the transition scale between
the isotropic core and the anisotropic envelope. The evolu-
tion of each halo was followed for 10 Gyr using an N-body
code.
Among all seven haloes, four underwent ROI: two with
the constant, non-zero anisotropy (C2 and C3), the only one
with the decreasing β (D) and the one with an increasing
β(r) and the smallest rt (I1). In the three remaining haloes
we did not notice any significant evolution of the shape. In
all haloes that underwent the instability the final profiles of
the axis ratios turned out to depend on radius. With the ex-
ception of model I1, haloes were elongated in the centres and
remained spherical in the outer parts. Halo I1 was spherical
in the centre and had a minimum of the c/a profile at a
distance of about 2 kpc from the centre. All haloes became
approximately axisymmetric and prolate.
The density profiles of the haloes changed only slightly,
which means that there were no large scale flows of matter.
The profiles of β measured in the planes perpendicular to
the major axes of the haloes decreased significantly, whereas
the ones measured along major axes remained almost un-
changed. This indicates that the velocity distribution is ax-
isymmetric. The mean L of the haloes increased remarkably,
in particular there were few particles with L ≈ 0. This is due
to large oscillations of the angular momentum components
perpendicular to the symmetry axis. The component of the
angular momentum along the symmetry axis is conserved
with great accuracy.
Depending on the initial angular momentum, particles
eventually join different orbit families. Regions of member-
ship are well separated in the planes of the angular mo-
mentum components. Moreover, regions of different types of
contribution to the halo shape also seem to be separable. For
a large initial L the particle contribution is oblate. Particles
with a small L join the families which make the shape of the
halo more prolate. Additionally, for small Lx (component
along the later symmetry axis) orbits are not axisymmetric,
thus they contribute to the triaxiality of the halo and this
may be related to the fact that the triaxiality increases with
the anisotropy of the system. Different reactions to the bar-
like perturbation arise from different numbers of particles
with a given angular momentum that may later join orbit
families which make the halo non-spherical.
Considering the influence of ROI on the real dark mat-
ter haloes one has to bear in mind a few important issues.
First, the infalling matter moves on rather elongated orbits
and has small angular momentum relative to the centre of
the halo. Thus, it is quite likely that ROI sets on during the
halo growth making it triaxial or prolate. However, in re-
ality haloes accumulate mass continuously, so the situation
is different than the one considered in this work. Second,
it is unlikely that many haloes have a radial orbit distribu-
tion in their centre – in other words, in simulated haloes we
never have β(r = 0) significantly above zero. Our simula-
tions apply directly to haloes of dwarf galaxy size, but it
seems that simple scaling is enough to adapt them to larger
objects. One has to remember also that these results refer to
isolated haloes. In the case of an interaction of a halo with
another object some of the properties discussed above may
change.
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